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1 Introduction

Before Shannon’s seminal paper1, most people at that time thought that it was
impossible to transmit information over a noisy channel without error. Nat-
urally, one thought that the rate of error would increase as the noise of the
channel increases.

It turns out that as far as the transmission rate is below the capacity
of a channel, error free transmission is possible. The way to achieve this is
through channel coding (aka error correction coding). The simplest one is the
“repetitive” code.

For example, to transmit a single bit across a binary symmetric channel with
cross over error probability p, i.e.,

Pr(input = 0 & output = 1) = Pr(input = 1 & output = 0) = p,

we can simply repeat transmitting the input bit for N times.
We can decode the bit at the receiver using simple majority vote rule. So

assuming N is odd,

Pr(decoding error) = Pr(decoded bit = 1 & input = 0) (1)

=Pr(at least
N + 1

2
error) (2)

=

N∑
k=N+1

/
2

(
N

k

)
pk(1− p)N−k. (3)

The sum cannot be found analytically. However, we can use Gaussian distribu-
tion approximation so that(

N

k

)
pk(1− p)N−k ∼ N (Np,Np(1− p)).

Hence the probability of decoding error can be approximated by the Gaussian
tail equal to Q(N(1/2− p)/

√
Np(1− p)), where the Q(·) function is defined as

Q(a) =

∫ ∞
a

1

2π
e−

x2

2 dx.

1Read Ch 7.1-7.10 and 2.10 of Cover and Thomas. For first edition, read Ch 8 and Ch 2.9.
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Note that ∫ ∞
a

f(x)dx ≤ min
s>0

∫ ∞
a

es(x−a)f(x)dx (4)

≤ min
s>0

e−sa
∫ ∞
∞

esxf(x)dx (5)

= min
s>0

e−saL[f(x)]. (6)

The above is the known to be the Chernoff bound. By that, we can bound
the Q(·) function by

Q(a) =

∫ ∞
a

1

2π
e−

x2

2 dx ≤ min
s>0

e−sa
∫ ∞
∞

esx

2π
e−

x2

2 dx (7)

= min
s>0

e−sa
∫ ∞
∞

e−
(x−s)2

2

2π︸ ︷︷ ︸
=1

e
s2

2 dx = min
s>0

e−sae
s2

2 (8)

= exp

[
min
s>0
−sa+ s2/2

]
(a)
= e−

a2

2 (9)

where (a) is due to (sa − s2/2)′ = a − s := 0 ⇒ ŝ = a and −ŝa + ŝ2/2 =
−a2 + a2/2 = −a2/2.

Now if we apply the Chernoff bound described above, we have

Pr(decoding error) = Q

(
N(1/2− p)√
Np(1− p)

)
≤ e
−N

[
(1/2−p)2
p(1−p)

]
. (10)

The main point here is that the error is exponentially decreasing as the length of
the code N increases. However, note that the code rate is actually equal to 1/N
in this case. In contrast, Shannon’s result told us that for some “capacity” C, as
long as rate = 1/N < C, the error can be infinitely small. Although repetitive
code gives us a hint how the probability of decoding error can be reduced by
padding redundancy of the transmitted code, the code itself is not a very good
code candidate indeed.

Before we talk about more on practical coding techniques, we will first look
into Shannon’s Channel Coding Theorem in detail. This gives us hints how a
good practical code can be found.

Definition 1.1 (Discrete memoryless channel (DMC)). A DMC is a channel
with discrete input X and a discrete random output Y characterized by a con-
ditional probability distribution p(y|x). Further, the channel is memoryless
meaning that for consecutive use of the channel given inputs x1, x2, x3, · · · , xn,
the probability of obtaining output y1, y2, y3, · · · , yn, p(y1, · · · , yn|x1, · · · , xn) =
p(y1|x1)p(y2|x2) · · · p(yn|xn). In other words, given the current input, the out-
put does not depend on the past (and future) inputs.

Although we already mention channel code and code rate (or transmission
rate) previously. Let’s define them more precisely.
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Definition 1.2 (Channel Code and Coding Rate). A channel code is a mapping
from message to a codeword for transmission. We will always assume codewords
to have equal length here. For M messages, m ∈ 1, 2, · · · ,M , each of them will
map to a code word C(m) = C1(m)C2(m) · · ·CN (m) for transmission, where N
is the code length (i.e., the number of channel use) and note that Ci(m) ∈ X .

Since there are totally logM bits messages per N channel use, the code rate
(or transmission rate) is 1

N logM .

2 Shannon’s Channel Coding Theorem

The theorem itself is very intuitive. For every channel, we have maxp(x) I(X;Y )
as the so-called channel capacity.

For any code transmitting at a rate higher than the capacity, the transmis-
sion error rate will be strictly larger than 0. On the other hand, for any rate
less than the capacity, there exists a code at the requested rate and with no
transmission error. 6 N.B. If we fix the statistics of the input to the channel to
p(x), the maximum rate of information can be passed through the channel is
simply I(X;Y ) (the mutual information between X and Y ).

Example 2.1 (Binary Symmetric Channel). A binary symmetric channel is
specified by a transition probability p, where pY |X(1|0) = pY |X(0|1) = p and
pY |X(0|0) = pY |X(1|1) = 1 − p, and X and Y are binary input and output of
the channel, respectively. Then

Capacity = max
p(x)

I(X;Y ) (11)

= max
p(x)

H(Y )−H(Y |X) (12)

= max
p(x)

H(Y )−H(p) (13)

= 1−H(p), (14)

where H(Y ) is maximized when Pr(Y = 0) = Pr(Y = 1) = 0.5. This happens
if the input is also uniform (p(X = 0) = p(X = 1) = 0.5) . When p is 0, the
capacity is 1 bit because we can pass 1 bit losslessly per channel use. Note that
the capacity is 1 bit also when the transition error probability is 1. Always
having error = no error!! The decoder can simply flip all incoming bit from 1
to 0 and vice versa.

When p = 0.5, the input and output are actually independent. And thus no
information can pass through the channel.

2.1 Forward proof of Channel Coding Theorem

If r < C = maxp(x) I(X;Y ), we can find a code C such that C : M ∈ {1, 2, · · · , 2nr} →
2n and the probability of error of transmitting any message m ∈ {1, 2, · · · , 2nr},
Pe(m), can be made arbitrarily small. The idea is by random coding. Let p∗(x)
be the distribution that maximizes I(X;Y ).
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Generate 2nr codewords by drawing sequences from a discrete memoryless
source (DMS) with probability distribution p∗(x). So we have codewords

c(1) = x1(1)x2(1) · · ·xn(1)

c(2) = x1(2)x2(2) · · ·xn(2)

· · ·
c(2nr) = x1(2nr)x2(2nr) · · ·xn(2nr)

Encoding: For input message m, output c(m).

Decoding: Upon receiving sequence y = y1y2 · · · yn, pick from {c(1), · · · , c(2nr}
the sequence c(m̂) such that (c(m̂),y) are jointly typical, i.e., pX,Y(c(m̂),y) ∼
2−nH(X,Y ).

If no such c(m̂) exists or more than one such sequence exist, declare error.
Otherwise decode message as m̂.

Instead of studying the performance of a particular code instance, let’s look
into the average performance over all codes randomly generated from p∗(x). For
a message m, decoding error can occur when:

1. E1: (c(m),Y) /∈ Anε (X,Y ).

2. E2: ∃m′ 6= m such that (c(m),Y) ∈ Anε (X,Y ).

For error event E1, since c(m) and Y is coming out of the joint source
(X,Y ), the probability that they are not jointly typical goes to 0 as n goes to
infinite. Thus for any finite n, there exists δ(n) such that Pr(E1) < δ(n) and
δ(n)→ 0 as n→∞.

For error event E2, note that c(m′) and Y are independent when m′ 6= m.
Therefore

Pr(c(m′),Y) ∈ Anε (X,Y )) =
∑

(xn,yn)∈Anε (X,Y )

xn and yn are indep.

p(xn, yn) (15)

=
∑

(xn,yn)∈Anε (X,Y )

p(xn)p(yn) (16)

≤ 2n(H(X,Y )+ε)2−n(H(X)−ε)2−n(H(Y )−ε) (17)

= 2−n(I(X;Y )−3ε). (18)

Since we have 2nr−1 different m′, Pr(E2) ≤ 2nr ·2−n(H(Y )−ε) = 2n(r−I(X;Y )+3ε).
So as long as r < I(X;Y ) − 3ε, Pr(error) ≤ Pr(E1) + Pr(E2) ≤ δ + γ, where
γ = 2−n(I(X;Y )−3ε−r) → 0 as n→∞. Note that ε can be made arbitrarily small
as n goes to infinty also.
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Note that the analysis described above only address average performance
over all codes and over all messages. More precisely, we should have written,

1

|C|
∑
C′∈C

Pr(error|C ′) ≤ δ + γ → 0 as n→∞, (19)

where C is the set of all random codes generated out of p∗(x).
However, there must be one code with performance better or equal to the

average (otherwise, the average won’t happen!). That is, ∃C∗ ∈ C such that

Pr(error|C∗) ≤ 1

|C|
∑
C′∈C

Pr(error|C ′) ≤ δ + γ → 0 (20)

Here we only claimed that the average error is bounded. But we want to say
something even stronger, i.e., for any transmitted message m, Pr(error) can be
arbitrarily small. That is, for some code C̃

Pr(error|C̃,m)→ 0 as n→∞ for any m (21)

Note that Pr(error|C∗) = 1
2nr

∑
m Pr(error|C∗,m). if we assume that messages

are equally likely. Now if we discard the worse half messages, the rest of the
messages should have error probability at most double of the average. More
precisely, denote the new code as C̃ and we have

Pr(error|C̃,m) ≤ 2Pr(error|C∗) (22)

≤ 2(δ + γ)→ 0 as n→∞ (23)

Even though the rate now reduces from r to r− 1
n (# messages decreases from

2nr to 2nr−1), we can still make the final rate arbitrarily close to the capacity
as n→∞.

2.2 Converse Proof of Channel Coding Theorem

For the converse, we want to show that if the transmission rate is smaller than
the capacity (maxp(x)I(X;Y )), than the error probability is bounded away from
0. This is usually known as the “weak converse”. If time allows, we may also
discuss the “strong converse” later in this course.

To finish the proof, we need to use a result shown by Fano.

Lemma 2.1 (Fano’s inequality). Denote M , Xn, Y n, and M̂ as the input
message, encoder output, code vector received at decoder, and decoded message,
respectively. If we define the probability of error PE = Pr(M 6= M̂), then
H(M |Y n) ≤ 1 + PeH(M). Intuitively, if PE → 0, on average we known M for
certain given Y n as 1

nH(M |Y n)→ 0.

Proof. Let E be an indicator variable such that

E =

{
0 if M = M̂
1 otherwise,

(24)
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then

H(M,E|Y n) = H(M |Y n) +H(E|Y n,M) (25)

= H(E|Y n) +H(M |Y n, E). (26)

However, H(E|Y n,M) = 0 (why?). Therefore

H(M |Y n) = H(E|Y n) +H(M |Y n, E) (27)

≤ 1 + P (E = 0)H(M |Y n, E = 0) + P (E = 1)H(M |Y n, E = 1)
(28)

≤ 1 + 0 + PEH(M), (29)

where the last inequality is due to H(M |Y n, E = 0) = 0 (why?) and condition-
ing reduces entropy.

Now, we are ready to prove the converse theorem.

Proof (Converse proof of channel coding theorem).

r =
H(M)

n
=

1

n
[I(M ;Y n) +H(M |Y n)] (30)

≤ 1

n
[I(Xn;Y n) +H(M |Y n)] (data processing inequality)

(31)

=
1

n
[H(Y n)−H(Y n|Xn)] +

1

n
H(M |Y n)︸ ︷︷ ︸

by Fano, →0 as n→∞

(32)

≈ 1

n

[
H(Y n)−

∑
i

H(Yi|Xn, Y i−1)

]
(chain rule) (33)

=
1

n

[
H(Y n)−

∑
i

H(Yi|Xi)

]
(Markov property: Yi → Xi → (Xi−1, Xn

i+1, Y
n))

(34)

≤ 1

n

[∑
i

H(Yi)−H(Yi|Xi)

]
(chain rule and conditioning reduces entropy)

(35)

=
1

n

∑
i

I(Xi;Yi) = I(X;Y ). (36)
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